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Abstract
In this work, using differential forms, an alternative approach to mat-
ter coupling in Minimal Massive 3D Gravity (MMG) is presented.
In the first part, we consider the minimal coupling of matter La-
grangian assuming that matter Lagrangian 3-form depends on the
metric co-frame fields and some matter fields but not on the connec-
tions. We construct additional source 2-form to obtain a consistent
matter-coupled MMG theory. We see that additional source 2-form in-
volves terms that are quadratic in stress-energy 2-forms. In addition,
we derive consistency relation in the language of differential forms.
Next, we consider minimal coupling of Dirac Lagrangian where for
this case massive spinor-matter Lagrangian depends on both metric
co-frames and connection fields. To get a consistent spinor-matter
coupled MMG field equation, we obtain additional source 2-form as
well. It is shown that with spinor coupling, source 2-form involves
terms which are quadratic in covariant derivatives of spinor fields.
PACS numbers: 04.20.Jb, 04.30.-w
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1 Introduction
Einstein theory of gravity in (2 + 1) dimensions has no propagating degrees
of freedom such that the theory in its own is non-dynamical. By adding
gravitational Chern-Simons term and a negative cosmological constant to
Einstein-Hilbert term, Topologically Massive Gravity (TMG) has been con-
structed [1, 2]. When a linearization of field equations has been performed
about AdS3 vacuum. it has been seen that TMG has one massive propagat-
ing graviton mode. This has led to a research about whether there exists a
holographically dual conformal field theory (CFT) on 2-dimensional bound-
ary by making TMG a possible candidate of a consistent quantum theory
of gravity. However, the use of the methods outlined in [3] has shown that
TMG has undesirable features in the sense that if the bulk graviton mode
has positive energy, one of the central charges calculated by Virasoro algebra
is negative leading to a non-unitary CFT on the boundary [4]. This prob-
lem is identified as bulk versus boundary clash. To circumvent the problem,
a new massive gravity theory, dubbed New Massive Gravity (NMG) [5, 6],
has been proposed where the new theory involves parity-even higher order
curvature terms contrary to TMG that has parity-odd gravitational Chern-
Simons term. Yet, the bulk-boundary clash problem has not been resolved
satisfactorily. Recently, to overcome the bulk-boundary clash problem, Min-
imal Massive Gravity theory has been introduced [7]. This new theory has
same gravitational degrees of freedom as TMG such that the theory involves
a single propagating bulk graviton as well. It has been shown that MMG
solves bulk-boundary clash problem within a certain range of its parameters.
It has been seen that bulk graviton has positive energy while there exits a
positive central charge for dual CFT such that the unitarity is not lost. In
fact, an elaborate investigation of unitarity structure of MMG has proven
that the theory is unitary within a certain range of its parameters [7, 8].
Having shown that the MMG theory is unitary and it solves bulk-boundary
clash problem, some higher curvature extensions of MMG have been inves-
tigated by studying linearized field equations of the extended theory around
AdS3 spacetime as well [9, 10]. To explore further physical properties of the
theory, canonical structure of MMG has been constructed while introducing
its canonical Hamiltonian and calculating energy and angular momentum
of BTZ solutions within this formalism [11]. On the other hand, in a very
recent study [12], it has been shown that the existence of single massive grav-
itating mode in both TMG and MMG is related to spontaneous symmetry
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breaking in Hietarinta-Maxwell Chern-Simons gravity theory constructed via
Hietarinta-Maxwell algebra.
In recent years, it has been demonstrated that MMG possesses the similar
type of solutions as TMG. Being a physically viable massive gravity theory,
it has been proven that MMG has a unique maximally-symmetric vacuum
for a particular value of cosmological parameter referring to a solution at
the merger point. In addition, it has been shown that the theory accepts
Kaluza-Klein AdS2×S
1 type black hole solutions at the merger point as well
as warped AdS3 vacuum solutions [13]. Then in [14], wave and warped AdS
solutions of vacuum MMG has been investigated by proving that the theory
admits logarithmic solutions at the critical points as well. Later, conformally-
flat vacuum solutions of MMG have been introduced where Cotton tensor
vanishes for such spacetimes [15]. Also in recent years, according to Segre-
Petrov classification, type D and type N solutions with constant curvature
scalar have been worked out [16]. Furthermore, Kundt solutions have been
obtained in [17] possessing constant scalar invariant spacetimes which cor-
respond to deformations of round and warped AdS, as well as non-constant
scalar invariant solutions at the merger point. Very recently, in [18], different
classes of homogeneous solutions including stationary Lifshitz solution with
Lifshitz parameter z = −1 have been discovered. In addition, in [19], static
and stationary circularly symmetric solutions have been constructed at the
merger point.
Apart from discovering vacuum physical properties of MMG and the so-
lutions that theory admits, matter coupling in MMG also deserves for its
investigation. Matter-coupled MMG theory has been first constructed in
[13]. It has been found that matter coupling in MMG differs from matter
coupling in TMG. It is seen that matter-coupled TMG equation includes only
matter stress-energy tensor as a source. On the other hand, for matter cou-
pling in MMG, it has been proven that, in addition to matter stress-energy
term, matter-coupled equation involves additional source term that depends
on quadratic stress-energy terms as well as their covariant derivatives. For
matter-coupled MMG theory discussed in [13], it has been considered that
matter Lagrangian depends only on dreibein field (that corresponds to met-
ric) but not on connection and auxiliary fields. With this consideration,
some exact solutions have also been investigated for MMG theory coupled to
certain matter Lagrangians. In [13], Friedmann-Lemaitre-Robertson-Walker
(FLRW) form cosmological solutions have been obtained for ideal fluid. In
[15], some black string and domain wall solutions have been constructed
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for scalar matter Lagrangian involving minimally coupled dynamical scalar
field with a potential term. Very recently, a certain warped AdS3 black hole
solution have been obtained for MMG minimally coupled to Maxwell and
electromagnetic Chern-Simons terms [20].
In this work, by using the language of differential forms, we investigate
the matter coupling in MMG. In the first part of the paper, we concentrate
on minimally coupled matter Lagrangian that does not depend on spacetime
connection. In terms of exterior forms, we construct additional source 2-
forms for minimally matter-coupled MMG equation. In the second part of
the work, we examine spinor-matter couplings in MMG. As is well-known,
spinor-matter interactions are described by Dirac Lagrangian where it in-
volves spinor fields and their covariant derivatives. The crucial point is that
covariant derivatives of spinor fields depend on connection as well. Owing
to connection dependency of the Dirac Lagrangian, one gets spinor-matter-
coupled MMG equation with non-constant coefficients such that coefficients
depend on spinor fields. By performing necessary calculations, we derive
related source term in terms of differential forms. Before moving to next
section, it should be pointed out that, in the works [21], [22] and [23], MMG
has been analyzed by using exterior form language as well.
For the organization of the paper, in Section 2, we examine minimally
matter-coupled MMG theory where general matter Lagrangian does not de-
pend on connections. We derive additional source 2-forms for matter-coupled
MMG equation. In the next section, our concentration is on minimally
spinor-matter-coupled MMG theory where for this case, the Dirac Lagrangian
strictly depends on connection.
2 Minimal (connection independent) matter
coupling in MMG
In this part, using the language of differential forms, we present the La-
grangian 3-form (or the action density 3-form) of MMG. Then, we consider
the minimal matter coupling of MMG assuming that the matter Lagrangian
depends only on co-frame 1-forms but not on connection. By variational prin-
ciple, we obtain the field equations by making independent variations with
respect to gravitational field variables and auxiliary field. We first point
out that the basic field ingredients of the MMG Lagrangian are co-frame
3
1-forms ea, in terms of which the spacetime metric can be decomposed as
g = ηab e
a⊗eb with ηab = diag(−++) , connection 1-forms ω
a
b and auxiliary
1-form field λa. Recall that ea and ωa b are gravitational field variables. Now,
the action of minimal massive 3d gravity (without matter coupling) can be
expressed in terms of differential forms as
IMMG =
∫
N
LMMG (2.1)
where the Lagrangian 3-form takes the form
LMMG = −
σ
2
Rab ∧ ∗(ea ∧ eb) + Λ ∗ 1
+
1
2µ
(
ωa b ∧ dω
b
a +
2
3
ωa b ∧ ω
b
c ∧ ω
c
a
)
+ λa ∧ T
a
+
α
2
λa ∧ λb ∧ ∗(e
a ∧ eb) (2.2)
Here, Λ is cosmological constant while µ denotes mass parameter of TMG.
α and σ are dimensionless parameters where σ is a sign with σ2 = 1. For
the case where α = 0, the Lagrangian describes the action density of TMG
such that for this case, auxiliary 1-form field λa can be identified as the
Lagrange multiplier 1-form that enforces the zero-torsion constraint for TMG
action. ∗ denotes the Hodge operator which maps a p-form to (3 − p)-form
in 3 dimensions. In addition, oriented 3-dimensional volume element can be
written ∗1 = e0 ∧ e1 ∧ e2. We point that the connection 1-forms ωa b satisfy
the first Cartan structure equations
dea + ωa b ∧ e
b = T a (2.3)
where T a denotes torsion 2-forms while the corresponding curvature 2-forms
are obtained from the second Cartan structure equations
Rab = dωab + ωa c ∧ ω
c b . (2.4)
We also consider that the spacetime is metric-compatible which implies that
ωa b = −ωb a . For future use, we also note that R = ιaP
a is the curvature
scalar that can be expressed in terms of Ricci 1-forms P a = ιbR
ba where ιb
is the inner product operator that obeys the identity ιbe
a = δab . Now, we
consider following action of MMG with minimal matter coupling.
I =
∫
N
(LMMG + LM) (2.5)
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where the Lagrangian 3-form LM denotes minimally coupled matter La-
grangian. Assuming that matter Lagrangian depends only on co-frames and
some matter fields but not on the connection of spacetime, one can obtain
the field equations by making independent variations of the action with re-
spect to co-frames ea, connection 1-forms ωa b, the auxiliary field λa and
some matter p-form fields Φi where index i implies that matter Lagrangian
can involve more than one matter fields. Now, applying the variational prin-
ciple (under the assumption that the variations of the field variables vanish
over 2-dimensional boundary of 3-dimensional manifold N such that surface
terms have no contribution to field equations)
δI = 0 (2.6)
one obtains the following field equations :
−
σ
2
ǫabcR
ab + Λ ∗ ec +Dλc +
α
2
ǫabcλ
a ∧ λb − τc = 0 , (2.7)
−
σ
2
D(∗(ea ∧ eb)) +
1
µ
Rba −
1
2
(λa ∧ eb − λb ∧ ea) = 0 , (2.8)
T a + αλb ∧ ∗(e
a ∧ eb) = 0 , (2.9)
where we have used 3-dimensional identities,
∗ (ea ∧ eb) = ǫabce
c , ∗(ea ∧ eb ∧ ec) = ǫabc , (2.10)
In addition, we note that the matter p-form fields satisfy field equation
δLM
δΦi
− (−1)pd
(
δLM
δ(dΦi)
)
= 0 . (2.11)
Recall that (2.7) is the Einstein field equation obtained from co-frame ea
variation where τc denotes matter stress-energy 2-form defined as
τc = −
δLM
δec
. (2.12)
(2.8) is the equation obtained from connection ωa b variation while (2.9) is the
equation obtained from auxiliary 1-form λa variation. Now, (2.9) determines
the torsion T a
T a = −αλb ∧ ∗(e
a ∧ eb) (2.13)
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in terms of the auxiliary field λb. Furthermore, from the relation
Ka b ∧ e
b = T a , (2.14)
one can obtain the contorsion one forms Ka b in the form
Ka b = αǫ
a
bcλ
c . (2.15)
Recall that the equations (2.7) and (2.8) involve connection ωa b with torsion.
Specifically, the curvature term Rba involves torsion-dependent terms through
the contorsion relation when expressed in terms of torsion-free connection.
Meanwhile, to determine the solution of auxiliary field λa algebraically, one
has to express all the field equations in terms of torsion-free connection. To
this end, we express the connection one-form field ωa b in the form
ωa b = ω¯
a
b +K
a
b (2.16)
in terms of torsion-free (Levi-Civita) connections ω¯a b and contorsion one-
forms Ka b. Using Cartan structure equation (2.4), one can also express
curvature two forms Rab
Rab = R¯ab + D¯Kab +Ka c ∧K
cb (2.17)
in terms of curvature two forms R¯ab of torsion-free connection ω¯a b and con-
torsion. Here D¯ denotes the exterior covariant derivative operator acting
with respect to torsion-free connection as
D¯Kab = dKab + ω¯a c ∧K
cb +Ka c ∧ ω¯
cb (2.18)
Next, we also point out that
D(∗(ea ∧ eb)) = T c ∧ ∗(ea ∧ eb ∧ ec) (2.19)
such that the substitution of T a yields
D(∗(ea ∧ eb)) = α(λa ∧ eb − λb ∧ ea) . (2.20)
Then using (2.17) together with (2.15), one can express curvature 2-form Rab
of connection with torsion in terms of curvature 2-form R¯ab of torsion-free
connection and auxiliary 1-form λa. A direct computation yields
Rab = R¯ab + αǫabcD¯λc + α
2λa ∧ λb . (2.21)
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Then substituting (2.21) into equations (2.7) and (2.8) , one obtains following
field equations respectively in terms of torsion-free connection :
−
σ
2
ǫabcR¯
ab + (ασ+1)D¯λc−
1
2
α(ασ+ 1)ǫabcλ
a ∧ λb +Λ ∗ ec− τc = 0 (2.22)
−
1
2
(ασ+1)(λa ∧ eb− λb ∧ ea) +
1
µ
(R¯ba+α ǫbacD¯λc+α
2λb ∧ λa) = 0 (2.23)
It is obvious that to obtain the solution for the auxiliary field λa, one should
use the equation coming from the variation with respect to connections. It is
seen that the connection field equation (2.23) expressed in terms of torsion-
free connection involves terms which are quadratic in auxiliary 1-form λa as
well as covariant derivative of λa. To solve for λa, one should eliminate terms
αǫbacD¯λc and α
2λb∧λa. We note that these terms can be eliminated by using
Einstein field equation (2.22). After some algebraic work, one obtains
λa ∧ eb − λb ∧ ea =
2
µ(ασ + 1)2
(R¯ba + αǫbacτc + αΛe
b ∧ ea) (2.24)
which can be solved by the method illustrated in Appendix section. Then,
the solution can be given by
λa = −
2
µ(ασ + 1)2
(
Y¯ a +
1
2
αΛea − αǫabcιbτc +
1
4
αǫnpcιn(ιpτc)e
a
)
(2.25)
where
Y¯ a = P¯ a −
1
4
R¯ea (2.26)
denotes Schouten 1-forms expressed in terms of torsion-free Ricci 1-forms P¯ a
and the curvature scalar R¯. Furthermore it is beneficial to obtain a more
simplified form of λa. For that, we express stress-energy 2-forms τc in the
form
τc = τcn ∗ e
n . (2.27)
where τcn gives the components of stress-energy tensor with respect to or-
thonormal frame. Next, a direct calculation gives
− ǫabcιbτc +
1
4
αǫnpcιn(ιpτc)e
a = τn
aen −
1
2
τea (2.28)
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where τ denotes trace of stress-energy tensor that satisfies τ ∗ 1 = τa ∧ e
a.
At this stage, one can further define a new stress-energy 2-form as
τˆc = τc −
1
2
τ ∗ ec (2.29)
leading to expression
τn
aen −
1
2
τea = − ∗ τˆa . (2.30)
As a result, auxiliary 1-form λa can be expressed in the following simplified
form which can be written as
λa = −
2
µ(ασ + 1)2
(
Y¯ a +
1
2
αΛea − α ∗ τˆa
)
. (2.31)
First, we note that in obtaining λa by the use of exterior algebra formalism,
one does not need priorly to introduce any constraints between the coframe
fields ea, matter fields and auxiliary 1-form field λa. Also recall that con-
nection equation (2.24) is used to obtain the solution of auxiliary 1-form.
Then, if one substitutes (2.25) together with (2.26) into Einstein field equa-
tion (2.22) expressed in terms of torsion-free connection, one obtains the
field equation of minimally matter-coupled MMG theory where the matter
Lagrangian is independent of connection. After straightforward calculations,
one gets
α1ǫabcR¯
ab + α2C¯c + α3 ∗ ec +
1
2
α4ǫabcY¯
a ∧ Y¯ b − τc + τ˜c = 0 (2.32)
where
C¯c = D¯Y¯c (2.33)
denotes Cotton 2-forms with respect to torsion-free connection and the coef-
ficients read
α1 = −
1
2
(
σ +
2α2Λ
µ2(ασ + 1)3
)
α2 = −
2
µ(ασ + 1)
α3 = Λ−
α3Λ2
µ2(ασ + 1)3
α4 = −
4α
µ2(ασ + 1)3
. (2.34)
Also we remark that in obtaining (2.32), we use the identity
R¯ab = Y¯ a ∧ eb − Y¯ b ∧ ea . (2.35)
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Note that remarkable feature of matter-coupled MMG equation is that it
involves additional source term τ˜c which can be expressed explicitly as
τ˜c =
2α3
µ2(ασ + 1)3
Λτc +
2α2
µ2(ασ + 1)3
ǫabc(Y¯
a ∧ ∗τˆ b − Y¯ b ∧ ∗τˆa)
+
2α
µ(ασ + 1)
D¯(∗τˆc)−
2α3
µ2(ασ + 1)3
ǫabc ∗ τˆ
a ∧ ∗τˆ b . (2.36)
It can be seen that source 2-form explicitly involves terms which are quadratic
in stress-energy 2-forms. Clearly, source term also depends covariant deriva-
tive of stress-energy 2-forms. Now, we examine the consistency of matter-
coupled MMG equation (2.32). First of all, we note that Einstein 2-forms G¯c
defined by
G¯c = −
1
2
R¯ab ∧ ∗(ea ∧ eb ∧ ec) = −
1
2
ǫabcR¯
ab (2.37)
and the Cotton 2-forms C¯c satisfy Bianchi identities
D¯G¯c = 0 , D¯C¯c = 0 (2.38)
where one uses curvature 2-form identity
D¯R¯ab = 0 (2.39)
and
D¯C¯c = D¯
2Y¯c = R¯cb ∧ Y¯
b = 0 . (2.40)
In addition, we point out that D¯(∗ec) = 0 with respect to torsion-free con-
nection. Now one can define J¯-form (similar to J-tensor defined in [7])
J¯c =
1
2
ǫabcY¯
a ∧ Y¯ b , (2.41)
such that in terms of Ricci 1-forms and curvature scalar it reads
J¯c =
1
2
(
ǫabcP¯
a ∧ P¯ b +
1
2
R¯ ∗ P¯c −
3
8
R¯2 ∗ ec
)
. (2.42)
An interesting result arises from the exterior multiplication of J¯c by e
c where
it can also be identified as trace of J-form if one expresses J¯c in the form
J¯c = J¯cp ∗ e
p (similar to stress-energy 2-form). The calculation yields
J¯c ∧ e
c =
1
2
(
3
8
R¯2 ∗ 1− P¯a ∧ ∗P¯
a
)
(2.43)
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which is surprisingly identical to Lagrangian 3-form of NMG (or K-tensor
also mentioned in [8]). This remarkable coincidence leads to quadratic equa-
tions for cosmological constant of maximally-symmetric spacetimes for both
NMG and MMG theories without matter-coupling. However, for MMG the-
ory, there exists a unique maximally-symmetric vacuum for a special value of
cosmological parameter Λ. Now, we first consider the consistency of MMG
equation without matter-coupling. Then, the consistency requires that (when
acting operator D¯)
D¯J¯c = 0 . (2.44)
However, straightforward calculation yields that
D¯J¯c = ǫabcC¯
a ∧ Y¯ b (2.45)
which is not identically zero. But, if one eliminates Cotton 2-form from the
MMG field equation (by taking τc = 0 and τ˜c = 0 in absence of matter
coupling), one remarkably obtains
D¯J¯c = 0 (2.46)
which implies that the consistency of MMG equation (without matter cou-
pling) is accomplished on shell. Now, let us examine consistency of matter
coupled MMG equation. For that purpose, again we act exterior covariant
derivative operator on MMG equation and consider that stress-energy 2-form
τc satisfies the conservation relation i.e D¯τc = 0. Then using the arguments
mentioned above, consistency requires that
D¯J¯c + D¯τ˜c = 0 (2.47)
or equivalently
ǫabcC¯
a ∧ Y¯ b + D¯τ˜c = 0 . (2.48)
Again eliminating Cotton tensor from matter-coupled MMG equation, one
obtains
D¯τ˜c =
α4
α2
ǫabc(τ˜
a − τa) ∧ Y¯ b . (2.49)
Note that this is the relation that should be satisfied by additional source
2-form τ˜c such that matter-coupled MMG equation is consistent on shell.
Before closing this section, we find it useful to present the following identities
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used for obtaining consistency relation,
ǫabcǫ
a
deR¯
de ∧ Y¯ b = 2(Y¯c ∧ eb − Y¯b ∧ ec) ∧ Y¯
b = 0
ǫabcY¯
b ∧ ∗ea = 0
ǫabcǫ
a
deY¯
d ∧ Y¯ e ∧ Y¯ b = 0 (2.50)
where all these identities hold for torsion-free spacetime.
2.1 Some illustrative matter Lagrangians
In this subsection, we present sample matter Lagrangians which can be min-
imally coupled to MMG. We note that the matter Lagrangians considered
do not depend on connection 1-form fields ωa b.
i. Maxwell Chern-Simons Lagrangian :
We first consider Maxwell Chern-Simons Lagrangian
Lm[e
a, A] = −
1
2
F ∧ ∗F −
1
2
mA ∧ F (2.51)
where A denotes electromagnetic potential 1-form field while F describes
electromagnetic 2-form field such that F = dA. m corresponds to mass
parameter. Variation with respect to co-frame field ea gives the stress-energy
2-forms
τc(A) = −
δLm[e
a, A]
δec
= −
1
2
(ιcF ∧ ∗F − F ∧ ιc(∗F )) (2.52)
The trace of stress-energy 2-form can be calculated from
τ(A) ∗ 1 = τc(A) ∧ e
c =
1
2
F ∧ ∗F (2.53)
where we use the identity
ec ∧ ιcΩ = pΩ (2.54)
for any p-form field Ω. Then the auxiliary 1-form field λa can be calcu-
lated from (2.31). Also we note that variation of Maxwell Chern-Simons
Lagrangian with respect to potential 1-form A produces field equation
d(∗F ) +mF = 0 . (2.55)
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ii. Scalar matter Lagrangian with potential term :
Next we consider scalar matter Lagrangian in the form
Lm[e
a, φ] = −
1
2
dφ ∧ ∗dφ− U(φ) ∗ 1 (2.56)
with the potential term U(φ). In this case, variation of scalar matter La-
grangian with respect to co-frame ea yields stress-energy 2-forms
τc(φ) = −
δLm[e
a, φ]
δec
= −
1
2
(ιcdφ ∧ ∗dφ+ dφ ∧ ιc(∗dφ))− U(φ) ∗ ec . (2.57)
The trace of stress-energy 2-form can be obtained from the expression
τ(φ) ∗ 1 = τc(φ) ∧ e
c =
1
2
dφ ∧ ∗dφ− 3U(φ) ∗ 1 (2.58)
where again the identity (2.54) has been used. Then the auxiliary 1-form λa
can be calculated from (2.31). In addition, by making variation of matter
Lagrangian with respect to scalar field φ produces matter field equation
d(∗dφ) = U ′(φ) ∗ 1 (2.59)
where U ′(φ) denotes the ordinary derivative of potential term with respect
to scalar field φ (i.e U ′(φ) = dU
dφ
).
3 Minimal spinor-matter coupling in MMG
In this section, we consider minimal spinor-matter coupling in MMG and
construct related source tensor from spinor-matter-coupled MMG equation.
Before presenting the related Lagrangians, spinor-matter Lagrangian (namely
Dirac Lagrangian) is connection-dependent as we will point out in the fol-
lowing lines. The Dirac Lagrangian has connection which is of first order so
that this feature makes it convenient for coupling to MMG theory. Before
obtaining field equations of the coupled theory, we first present Dirac action
as
ID =
∫
D
LD (3.1)
where Dirac Lagrangian can be given as
LD =
i
2
(ψ¯ ∗ eaγa ∧Dψ − ∗e
a ∧Dψ¯ γa ψ)− imψ¯ψ ∗ 1 . (3.2)
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In the Lagrangian, ψ denotes Dirac spinor field while γa are generators of
Cl1,2 Clifford algebra that obeys the relation
{γa, γb} = γaγb + γbγa = 2ηab . (3.3)
m is mass parameter associated with spinor field. Covariant derivative of
Dirac field is defined as
Dψ = dψ +
1
2
ωcd σcdψ (3.4)
where
σcd =
1
4
[γc, γd] =
1
4
(γcγd − γdγc) (3.5)
are generators of algebra of the group SO(1, 2). ψ¯ is Dirac conjugate spinor
defined as ψ¯ = ψ†γ0 whose covariant derivative is given by
Dψ¯ = dψ¯ −
1
2
ψ¯σcd ω
cd . (3.6)
Choosing following particular representation
γ0 = i
(
1 0
0 −1
)
, γ1 =
(
0 1
1 0
)
, γ2 = i
(
0 1
−1 0
)
(3.7)
for generators γa, one can show that following identities hold as well:
γ0γ
†
aγ0 = γa , γ
†
aγ0 = −γ0γa ,
σab =
1
2
ǫabcγ
c , σabγc + γcσab = ǫabc . (3.8)
Now, we consider spinor-matter coupled MMG theory by taking the action
I =
∫
N
(LMMG + LD) (3.9)
where LMMG and LD are given in (2.2) and (3.2) respectively. The field
equations of spinor-coupled MMG theory can be obtained by considering
variations with respect to co-frame fields ea, connections ωa b, auxiliary 1-
form λa and Dirac spinor fields ψ and ψ¯. Then the variational principle
(again under the assumption that field variations vanish over the boundary
of 3-dimensional manifold N)
δI = 0 (3.10)
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leads to following field equations:
−
σ
2
ǫabcR
ab + Λ ∗ ec +Dλc +
α
2
ǫabcλ
a ∧ λb − τDc = 0 , (3.11)
−
σ
2
D(∗(ea∧ eb))+
1
µ
Rba−
1
2
(λa∧ eb−λb ∧ ea)−
1
4
(iψ¯ψ)ea∧ eb = 0 , (3.12)
T a + αλb ∧ ∗(e
a ∧ eb) = 0 , (3.13)
∗ eaγa ∧Dψ +
1
2
T b ∗ (ea ∧ eb)γaψ −mψ ∗ 1 = 0 , (3.14)
∗ ea ∧Dψ¯γa +
1
2
T b ∧ ∗(ea ∧ eb)ψ¯γa +mψ¯ ∗ 1 = 0 . (3.15)
Here, in Einstein equation (3.11), τDc denotes Dirac stress-energy 2-forms
defined by
τDc = −
δLD
δec
(3.16)
where it can be obtained explicitly in the form
τDc = −
i
2
(∗(ea ∧ ec)∧ ψ¯γaDψ− ∗(e
a ∧ ec)∧Dψ¯ γaψ) +m(iψ¯ψ) ∗ ec . (3.17)
Now, the equation (3.13) solves the torsion
T a = −αλb ∧ ∗(e
a ∧ eb) (3.18)
leading to contorsion 1-forms
Ka b = αǫ
a
bcλ
c . (3.19)
Again we recall that all the field equations have been expressed with respect
to a connection with torsion. As we have done in the previous section, to
obtain λa, one needs to express field equations with respect to a torsion-free
connection. Then writing
ωa b = ω¯
a
b +K
a
b (3.20)
and performing necessary calculations, one obtains the following field equa-
tions with respect to torsion-free connection:
−
σ
2
ǫabcR¯
ab + (ασ + 1)D¯λc + Λ ∗ ec −
1
2
α(ασ + 1)ǫabcλ
a ∧ λb − tc
−
1
4
α(iψ¯ψ)ǫabc(λ
a ∧ eb − λb ∧ ea) = 0 , (3.21)
14
−
(ασ + 1)
2
(λa ∧ eb − λb ∧ ea) +
1
µ
(R¯ba + αǫbacD¯λc + α
2λb ∧ λa)
+
1
4
(iψ¯ψ)eb ∧ ea = 0 , (3.22)
∗ eaγa ∧ D¯ψ −
1
2
αλa ∧ ∗e
aψ −mψ ∗ 1 = 0 , (3.23)
∗ ea ∧ D¯ψ¯γa +
1
2
αλa ∧ ∗e
aψ¯ +mψ¯ ∗ 1 = 0 . (3.24)
We note that in Einstein field equation (3.11), we express Dirac stress-energy
2-forms in the form
τDc = tc +
1
4
α(iψ¯ψ)(λa ∧ eb − λb ∧ ea) (3.25)
where tc denotes Dirac stress-energy 2-forms expressed in terms of torsion-
free connection in the following form:
tc = −
i
2
(
∗(ea ∧ ec) ∧ ψ¯γaD¯ψ − ∗(e
a ∧ ec) ∧ D¯ψ¯ γaψ
)
. (3.26)
In addition, we point out that equation (3.22) should be used for the solution
of auxiliary 1-form λa. But, the terms αǫbacD¯λc and α
2λb ∧ λa should be
eliminated. As done in the previous section, these terms can be eliminated
by using Einstein field equation (3.21). After simplifications, (3.22) turns
into
λa ∧ eb − λb ∧ ea =
2
µ(ασ + 1)2 θ
(
R¯ba + Λ˜ eb ∧ ea + αǫbactc
)
(3.27)
where we define the spinor field-dependent functions
Λ˜ = αΛ +
1
4
µ(ασ + 1)(iψ¯ψ) (3.28)
and
θ = 1−
α2
µ(ασ + 1)2
(iψ¯ψ) . (3.29)
Note that the term (iψ¯ψ) is a real scalar which depends on spacetime coor-
dinates. Therefore, Λ˜ and θ are real scalar functions. Now, to obtain the
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solution of the equation (3.27), we make use of the method presented in Ap-
pendix section. Furthermore, as done in the previous section, we express
torsion-free Dirac stress-energy 2-form as
tc = tcp ∗ e
p (3.30)
and define new Dirac stress-energy form
tˆc = tc −
1
2
t ∗ ec , (3.31)
where t is the trace of Dirac tensor tcp. Finally, the solution of λ
a can be
obtained as
λa = −
2
µ(ασ + 1)2 θ
(
Y¯ a +
1
2
Λ˜ea − α ∗ tˆa
)
. (3.32)
Now, the final task is to get spinor-matter coupled MMG equation. For that,
we substitute λa into Einstein equation (3.21). After necessary computations
and simplifications, one gets the spinor-matter coupled MMG equation in the
form
β1 ǫabcR¯
ab + β2 C¯c + β3 ∗ ec +
1
2
β4 ǫabcY¯
a ∧ Y¯ b − tc + t˜c = 0 (3.33)
where
β1 = −
1
2
(
σ +
2αΛ˜
µ2(ασ + 1)3θ2
−
α(iψ¯ψ)
µ(ασ + 1)2θ
)
, β2 = −
2
µ(ασ + 1)θ
,
β3 = Λ−
αΛ˜2
µ2(ασ + 1)3θ2
+
αΛ˜(iψ¯ψ)
µ(ασ + 1)2θ
, β4 = −
4α
µ2(ασ + 1)3θ2
(3.34)
and additional source 2-form for spinor-matter coupled MMG reads
t˜c =
2
µ(ασ + 1)θ2
D¯θ ∧
(
Y¯c +
1
2
Λ˜ec − α ∗ tˆc
)
−
1
µ(ασ + 1)2θ
D¯Λ˜ ∧ ec +
2α
µ(ασ + 1)2θ
D¯(∗tˆc)
+
2α2
µ2(ασ + 1)3θ2
ǫabc(Y¯
a ∧ ∗tˆb − Y¯ b ∧ ∗tˆa)
−
2α3
µ2(ασ + 1)3θ2
ǫabc ∗ tˆ
a ∧ ∗tˆb
+
(
2α2Λ˜
µ2(ασ + 1)3θ2
−
α2(iψ¯ψ)
µ(ασ + 1)2θ
)
tc . (3.35)
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Notable feature of spinor-matter coupled equation is that the coefficients
{βi, i = 1, 2, 3, 4} are not constants but are real scalar functions of spinor field.
Furthermore, looking at additional source term (3.35), it is seen that source
term involves terms that are quadratic in spinor field as well as its covariant
derivative, as a consequence terms quartic in Dirac field. In addition, there
exist terms where the spinor field and its covariant derivatives are coupled
to Schouten tensor. Lastly, we should mention that the investigation of (on
shell) consistency of spinor-matter-coupled MMG equation (3.33) involves
tedious work since even the coefficients of the terms are not constant but
spinor-field dependent. Therefore, it is clear that unlike the relation (2.49)
obtained for matter coupling that does not depend on connection fields, the
consistency relation that should be satisfied by additional source term t˜c
would result in a very complicated equation. Hence, we do not consider
to give such a relation in this work. Before closing this section, we further
remark that if one considers the case where α = 0 and λa = 0 in the spinor-
matter coupled Lagrangian and make independent variations with respect
to co-frames, connections and spinor fields, one gets the field equations of
spinor-matter coupled TMG theory that is also discussed in [24] (except that
there also exists Mielke-Baekler term in the Lagrangian presented in related
work).
4 Conclusion
In this work, by using exterior form notation, we have examined the mat-
ter coupling in MMG. First, we have investigated MMG theory minimally
coupled to matter Lagrangian that does not depend on spacetime connec-
tion. In terms of exterior forms, we have derived additional source 2-forms
for minimally matter-coupled MMG equation. We have seen that source 2-
form definitely involves quadratic terms for stress-energy 2-forms as well as
their covariant derivatives of the first order. We should state that additional
source 2-forms are needed for the consistency of matter-coupled MMG equa-
tion. Therefore, we have derived consistency relation satisfied by additional
source 2-form as well.
Next, we have considered minimal spinor-matter couplings in MMG by taking
Dirac Lagrangian in 3-dimensions. Dirac Lagrangian involves spinor fields
and their covariant derivatives. The major point is that covariant deriva-
tives of spinor fields depend on connections. Due to connection dependency
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of the Dirac Lagrangian, we obtain spinor-matter-coupled MMG equation
with non-constant coefficients such that these coefficients involve real scalars
coming from multiplication of spinor field with its conjugate partner. Then,
performing related computations, we derive additional source term in terms
of differential forms. Analyzing the source term in MMG field equation and
comparing it with TMG equation (obtained simply by taking α = 0), one
can observe that additional source term in MMG involves quadratic terms in
covariant derivatives of spinor fields while the source term in TMG is of first
order in covariant derivative of spinors. In addition, in MMG field equation,
there exist terms where the covariant derivatives couple to Schouten 1-forms.
For Dirac Lagrangian, we should also mention that the Lagrangian depends
on connections such that dependency is of the first order. This leads to a
case where auxiliary 1-forms λa are exactly solvable in terms of torsion-free
Schouten 1-forms and some extra terms that involve spinor field. At this
point, we point out that there might be Lagrangians coupled to MMG the-
ory such that they might involve connections of second or higher orders. For
example, consider the following Lagrangian where MMG theory is extended
with curvature scalar and Ricci 1-form terms.
L = LMMG +
1
2
αPa ∧ ∗P
a +
1
2
βR2 ∗ 1 . (4.1)
In that case, connection dependency of extended Lagrangian is of second
order. If one makes independent variations with respect to co-frames and
connection fields, one can see that equation resulting from connection vari-
ation strictly involves highly non-linear terms for λa including its covariant
derivatives when the connection equation is expressed in terms of torsion-free
connection. In this case, it is not clear that how such terms can be elimi-
nated. Therefore, for this case, we are not certain about whether λa can be
solved algebraically or not.
As closing remarks, we expect that exterior algebra formalism can enable to
construct supersymmetric version of minimal massive 3d gravity (i.e minimal
massive 3d supergravity). Also we note that by using this formalism, one
can examine (minimal) matter couplings in other (exotic) 3d massive gravity
models presented in [25], [26], [27] and [28]. In addition, for future works, we
consider to obtain some exact solutions (such as cosmological solutions , pp-
waves, black holes etc.) for matter-coupled MMG theory. Specifically, one
can consider cosmological solutions of spinor-matter-coupled MMG theory.
In addition, pp-wave solutions can be investigated for Maxwell-Chern-Simons
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matter Lagrangians coupled to MMG where an exact self-dual solution is
presented for TMG coupled to Maxwell-Chern-Simons theory [29]. These
would be the subjects of future research.
A The solution of auxiliary 1-form λa
In this part of manuscript, the solution of the expression
λa ∧ eb − λb ∧ ea = Λba (A.1)
for auxiliary 1-form λa is presented. Assume that Λba is given and it can
involve in general curvature terms, co-frames and some matter fields. To
solve for 1-form field, we first act interior product operator ιa on (A.1) to
obtain
λb = ιaΛ
ba − (ιaλ
a)eb (A.2)
where we have used ιae
a = 3, which is the dimension of spacetime, and
identity ιbe
a = δab . Next, by acting interior product operator ιb on (A.2)
yields
ιaλ
a =
1
4
ιb ιaΛ
ba . (A.3)
As a result, one obtains (by changing the indices appropriately)
λa = ιbΛ
ab −
1
4
(ιn ιpΛ
np)ea . (A.4)
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